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PATA TYPE FIXED POINT THEOREMS OF MULTIVALUED
OPERATORS IN ORDERED METRIC SPACES WITH
APPLICATIONS TO HYPERBOLIC DIFFERENTIAL INCLUSIONS

Samad Mohseni Kolagar!, Maryam Ramezani?, Madjid Eshaghi®

The purpose of this paper is to present some Pata type fized point the-
orems for multivalued mappings on ordered complete metric spaces. Moreover, as
an application of our main theorem, we give an existence theorem for the solution
of a hyperbolic differential inclusion problem.

Keywords: Fixed point, Ordered metric space, Multivalued mapping, Hyper-
bolic differential inclusion.

1. Introduction and preliminaries

In 1922, the Polish mathematician Stefan Banach proved a theorem which
ensures, under appropriate conditions, the existence and uniqueness of a fixed point.
His result is called Banach’s fixed point theorem or the Banach contraction principle[1].
Nadler [2] in 1969, proved a set-valued extension of the Banach’s contraction prin-
ciple in complete metric spaces. Afterward many fixed point theorems have been
proved by various authors as generalization of the Nadler’s theorem where the nature
of contractive mapping is weakened along with some additional requirements, see
for instance [3, 4, 5, 6, 7, 8, 9, 10]. Ran and Reurings [11] established the existence
of unique fixed point for the monotone single valued mapping in partially ordered
metric spaces. Their result was further extended in [12, 13, 4, 14, 15, 16, 17]. Re-
cently, V. Pata [18] improve the Banach principal. In fact, Pata extended the Banach
contraction principle with weaker hypotheses than those of the Banach contraction
principle with an explicit estimate of the convergence rate. In this paper, using
the idea of Pata, we prove some fixed point theorems on ordered complete metric
spaces. As an application, we also obtain conditions which guarantee the existence
of a solution for hyperbolic differential inclusions problem.

Let (M,d) be a metric space. Then 2™ is the class of all nonempty subsets of
M and for A, B € 2M | let

Hy(A, B) = max{supd(b, A),supd(a, B)},
beB acA
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where

d(a,B) = blglfe d(a,b),

then Hy is called the Hausdorff-Pompeiu functional induced by d.

Definition 1.1. Let (X, <) be a partially ordered set and z,y € X. Elements z
and y are said to be comparable elements of X if either x <y or y < x.

Definition 1.2. [19] Let M be a metric space. A subset N C M is said to be
approximative if the multivalued mapping

Fr(@) = {y € N :d(z,y) = d(N,z)}, Ve M,
has nonempty values.

Definition 1.3. [19] The multivalued mapping T': M — 2™ is said to have ap-
proximative values, AV for short, if Tx is approximative for each = € M.

Definition 1.4. [19] The multivalued mapping T': M — 2M s said to have compa-
rable approximative values, CAV for short, if 7" has approximative values and, for
each z € M, there exists y € F 7.(x) such that y is comparable to z.

Definition 1.5. [19] The multivalued mapping T : M — 2M is said to have upper
comparable approximative values, UCAV, for short(resp.lower comparable approxi-
mative values, LCAV for short) if 7" has approximative values and, for each z € M,
there exists y € F 7.(x) such that y > z(resp.y < z).

Definition 1.6. [19] For two subset X,Y of M, we denote X <, Y if for each x € X
there exists y € Y such that x <y and X <Y if each x € X and each y € Y imply
that z < y.

Definition 1.7. [19] A multivalued mapping 7' : M — 2™ is said to be r-nondecreasing|(r-
nonincreasing) if <y implies that Tz <, Ty(T, <, Tx) for all z,y € M. T is said

to be r-monotone if 7' is r-nondecreasing or r-nonincreasing.

The notation of nondecreasing(nonincreasing) is similarly defind by writing < in-
stead of the notation <,.

2. Main Results

Let (M,d, <) be a partial ordered complete metric space. The following hy-
pothesis in M (which appear in [20]) will be applied:

(Hy) If {z,} is a non-decreasing(resp. non-increasing) sequence in M such
that z,, — z, then z,, < x(resp.z,, > x) for all n € N.

For a metric space (M, d), Selecting an arbitrary xo € M we denote
|| x ||= d(x,xzq) for all x € M.
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Let ¢ : [0,1] — [0,00) is an increasing function vanishing with continu-
ity at zero. Also consider the vanishing sequence depending on a > 1, w,(a) =

(S D w().
k=1

Theorem 2.1. Let M be an ordered complete metric space and satisfy (Hy). Let
A>0,a>1and p € [0,a] be a fired constants. Suppose that the multivalued map
T:M — 2M has UCAV and the inequality

Hy(Tz, Ty) < (1 €e)d(z,y) + Ae*p(e)[1 + ||z + [lyl)°, (1)

is satisfied for every € € [0,1] and for all z,y € M with x and y comparable. Then
T has a fized point xx € Txx. Furthermore,

d(z*,Trp—1) < Kwp(a), (2)
for some positive constant K < A(1+ 4|z * ||)7.

Proof. Given xg € M, if ¢y € Txg, proof is complete. Moreover from the fact that
Txo has UCAV it follows there exsists x1 € T'zg with 21 # x¢ and x1 > x( such that

d(zg,x1) = inf d(z,zo) = d(Txg, o).
z€Txg
Continuing in this way obtain that, there exists z,4+1 € Tz, with x,4+1 # z, and
Tpt1 > Ty such that
d(xn, Tnt1) = d(TTp, xn), n=12....

Moreover,

d(Tzy,zn) < sup d(Tzp,z) < Hi(Tzp, Txp_1),
€T Ty_1

therefore,
d(xp, xni1) < Hy(Txp—1,Txy)  forn=2,3,....

Furthermore for n = 1,2, ... we set
Cpn = ||zn|| = d(zn, o).
Since (1) is true for every ¢ € [0, 1], setting € = 0, we have the following relations

d($n+1,$n) < Hd(TwnanL‘nfl) < d(l‘n»xnfl) < Hd(TxnflyTxn)
< d(l‘nfl, xn)

< Hy(Tx1,Txo) < d(x1,70) = C1.

By triangle inequality we have

d(zp41,20) < d(xpg1,21) + d(z1, 20), (4)
and

d(xpn,x0) < d(xpn, Tnt1) + d(Tps1, T0)- (5)
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Now, using (3), (4) and (5) we have
Cp < d(zps1,71) +2C) < Hy(Txp, Txg) + 2C1. (6)
So for a > (3, there exist real numbers E, D > 0 such that
Cp < (1= €)Cp 4 Ae“P(e)[1 + CplP 4+ 201 < (1 — €)Cp + Ee®p(e)CE +D.  (7)

Accordingly,

eC,, < Ee*Y(e)CY + D,

which holds by hypothesis for any € € [0, 1] taken for each n € N. If there is
a subsequence C,, — oo, then the choice ¢,, = min(1, g—D), leads to the following
N

contradiction
1 < E(1+ D)*Y(epn,) — 0 as ng — 0o .

Then the sequence {C,}7; is bounded.

Now, we prove that sequence {x,} is Cauchy sequence:

d(Tnrmi1; Tnt1) < Hy(TTpgm, Trn) < (l_f)d(xn—i-m:xn)+A€a¢(f)[Hxn—i-mH'i‘Han]ﬂ'
For fixed m, set

K = sup A[1 + 2¢,)?, (8)
neN
and e =1 — (;57)* < 755 So

[0
(n + 1D)*d(Tntrm+1; Tnt1) < nd(Tngm, Tn) + Ka®h(——).

n—+1
Setting 1y, := n“d(Tp1m, Trn), we have
Tn+1 S Tn + Kaazb(m)
<rp_1+ Ka ¢(g) + Ka w(m)
<...
n+1 a n+1 o
<7+ Ka® Zl/)(%) = Ka® Zlb(g)
k=1 k=1
Therefore
L, o
d(Tntm; Tn) < K(ﬁ) Z¢(E> = Kwy(a). 9)
k=1

Taking limits as n — oo, we get d(Zp4+m,Zn) — 0. This implies that {z,,} is Cauchy
sequence in X. Since X is a complete metric space, there exists xx € M such that
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lim,,— o0 T, = T*.

Using (9) we have
0 <d(z*,Txp_1) < d(xx,x,) = Um d(Tpim,zn) < Kwy(a).

m—0o0
Again
0 <d(z*,Txx) = lim d(zp_1,Tz*) < lim Hy(Tx,, Tr*)
n—oo

< (1= e)d(zp, x%) + AP ()1 + ||| + [l * |7,

Since the contractive condition (1) holds for any real constant € € [0, 1], we can
replace ¢, for each n € N, by a sequence [0,1] 5 €, — 0 as n — co. Then by letting
e =¢e, — 0 as n — oo, we have

0 < d(xx,Taxx) < (1 — e)d(xp, xx) + Aeorh(en)[1 + [|zn || + || * H]B — 0.

So d(z*, Tzx) =0 and xx € Txx.
Also, the convergence rate estimate stated in (2) is achieved from the following
relations

d(xx,xp) < Hy(Txx, Trp_1) < d(xx,xp—1) < Hy(Txx, Tzp_2)

<
< d(xx,2p—2)
< Hyg(Txx,Txp)
< d(wx,w0) = [l + |,
which implies that

Cp = d(zp,x0) < d(xp, %) + d(z*,20) < ||T* || 4 [|2 * || = 2]z * |
From the last inequality and (8) we have K < A(1+ 4|z * ||)?. O

Theorem 2.2. Let M be an ordered complete metric space and satisfy (Hy). Let
A>0,a>1and p € [0,a] be a fired constants. Suppose that the multivalued map
T: M — 2M has LCAV and the inequality

Hy(Tz,Ty) < (1 - e)d(z,y) + Ay (e)[L + ]| + [ly]]”,

is satisfied for every e € [0,1] and for all x,y € M with x and y comparable. Then
T has a fixed point xx € Txx. Furthermore,

d(z*, Txp—1) < Kwp(a),
for some positive constant K < A(1 4 4|z x |))P.

Proof. Given zg € M, if xg € Txq, proof is complete. Moreover from the fact that
Txo has LCAV it follows there exsists x1 € Txg with 1 # x¢ and 1 < zg such that

d(xg,x1) = inf d(z,zo) = d(Txg, o).
x€Txg
Continuing in this way obtain that, there exists z,y+1 € Tz, with z,4+1 # x, and
Tnt1 < Ty such that
d(xn, Tnt1) = d(Trp,xn), n=12....
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Moreover,

d(Tzyp,x,) < sup d(Tzp,z) < Hy(Tzp, Trp—1),
€T Ty _1

therefore,
d(xp, xni1) < Hy(Txp—1,Txy) forn=2,3,....
Furthermore for n = 1,2, ... we set
Cn = ||lznll = d(zn, 20).
Since (1) is true for every e € [0, 1], setting € = 0, we have the following relations
d(xpi1,2n) < Hy(Txp, Tap—1) < d(@p, 2n—1) < Hg(Tzp—1,Txy)
< d(Tp—1,Tn)

< Hyq(Tx1,Txo) < d(z1,20) = Ch.

(10)
By triangle inequality we have
d(Tpt1,70) < d(Tpt1,71) + d(21, 20), (11)
and
d(xpn, x0) < d(Tpn, Tnt1) + d(Tp+1, T0). (12)
Now, using (10), (11) and (12) we have
C, < d(ﬂjn_H,.Tl) + 20 < Hd(T.Tn,TCCQ) + 2C4. (13)

So for a > 3, there exist real numbers E, D > 0 such that
Cp < (1= €)Cy + Ae*h(e)[1 + CplP + 20, < (1 — €)Cyp + Ee®h(e)CS + D, (14)

Accordingly,

eCy, < Ee*yY(e)CY + D,

which holds by hypothesis for any ¢ € [0, 1] taken for each n € N. If there is
a subsequence Cp, — oo, then the choice ¢,, = min(1, g—D), leads to the following
7Lk

contradiction
1< E(l+ D)*Y(epn,) = 0 as ng — 0o .
Then the sequence {C,,}72  is bounded.

Now, we prove that sequence {x,} is Cauchy sequence:

d(@nimr1, @ni1) < Hi(Tnim, Tan) < (1=€)d(@ntm, ©n) +A () [|Tnrml|+H| 2.
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For fixed m, set

K = sup A[1 + 2¢,)?, (15)
neN
and e =1 — (;57)* < 755 So

[0
(7 + 1) (@ tm1, 1) < 0 d(ngm, 2n) + Ko ().

Setting r,, := n*d(xp4m, Tn), we have

«
Tyl < T+ Kaazp(n n 1)
< a1+ Ka®(5) + Ka®p(——)
= n-l n n+1
<...
n+1 a n+1 a
<ro+ Ka Zl/)(%) = Ka Zlb(z)
k=1 k=1
Therefore
L, " o
d(Tntm; Tn) < K(ﬁ) Z¢(E> = Kwy(a). (16)
k=1

Taking limits as n — oo, we get d(Zp4m,rn) — 0. This implies that {z,} is Cauchy
sequence in X. Since X is a complete metric space, there exists zx € M such that
lim,, o0 T, = T*.

Using (16) we have

0 <d(z*,Txp_1) <d(zx,z,) = lim d(Tptm,zn) < Kwp(a).

m—o0
Again
0 < d(axx,Txx) = lim d(zp_1,Tr*x) < lim Hy(Txy,, Txx)
n—oo n— oo

< (1= e)d(p, x%) + AP ()1 + ||z + [l * |7,

Since the contractive condition (1) holds for any real constant £ € [0, 1], we can
replace ¢, for each n € N, by a sequence [0,1] 5 ¢, — 0 as n — co. Then by letting
e =g, — 0 as n — oo, we have

0 < d(xx,Txx) < (1 — ep)d(zp, xx) + Aeb(en)[L + ||zn || + || * H]B — 0.

So d(z*, Tzx) = 0 and xx € Txx*.
Also, the convergence rate estimate stated in (2) is achieved from the following
relations

d(xx,xp) < Hy(Txx, Trp_1) < d(xx,xp—1) < Hy(Txx, Tzp_2)

d(z*, xp—2)

IA A

Hd(T.CE*, Txo)

<
< d(wx,w0) = [l |,
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which implies that
Cn = d(n, m0) < d(wn, v%) + d(zx, 20) < ||z # || + [l || = 2]z * ||
From the last inequality and (15) we have K < A(1 + 4|z * [|)”. O

Theorem 2.3. Let M be an ordered complete metric space and satisfy (Hy). Let
A>0,a>1and 5 € [0,a] be a fized constants. Suppose that the multivalued map
T : M — 2™ has AV, is non-decreasing and the inequality

Hy(Ta,Ty) < (1 = e)d(z,y) + A"y (e)[1 + ] + [ly]]”,

is satisfied for every e € [0,1] and for all x,y € M with x and y comparable. If
there exists xog € M such that {xg} < Txg, then T has a fized point zx € Txx.
Furthermore,

d(z*, Trp—1) < Kwp(a),
for some positive constant K < A(1 4 4|z * |))P.

Proof. The first by using hypothesis of this theorem, we construct sequence {z,}. If
xo € Txg, proof is complete. Moreover, according hypothesis, for any x € Txg, we
have x > xg. Since T has AV, there exists x; € Txg with 1 > ¢ and d(xg,x1) =
d(Tzg,z9). Continuing in this way obtain that, there exists z,4+; € Tx, with
Tp+1 7# Ty and Tnp4q > T, such that

d(xp, Tnt1) = d(Txn,xy), n=12,....

Moreover,
d(Tzy,z,) < sup d(Tzp,z) < Hy(Tzp, Txp—1),
€T Ty,_1
therefore,
d(xn, tpnt1) < Hy(Txp—1,Txy)  forn=2,3,....
Furthermore for n = 1,2,... we set

Cy = ||zn|| = d(xn, xo).
Since (1) is true for every ¢ € [0, 1], setting e = 0, we have the following relations

d(xn—l—lyl'n) < Hd(TxnyTxn—l) < d(l'n?xn—l) < Hd(Twn—lyTxn)
< d(.’L‘n_l, xn)

< Hy(Tx1,Txo) < d(z1,20) = Ch.
(17)

By triangle inequality we have

d(xn+17 «TO) S d(xn-‘rla xl) + d(xla CC()), (18)
and

d(xn,x0) < d(xpn, Tnt1) + d(Tps1, T0)- (19)
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Now, using (17), (18) and (19) we have
Cp < d(zps1,71) +2C) < Hy(Txy, Txg) + 2C1. (20)
So for a > 3, there exist real numbers E, D > 0 such that
Cp < (1= €)Cyp 4+ Ae*h(e)[1 + CplP + 201 < (1 — €)Cp 4 Ee*h(e)C + D, (21)

Accordingly,

eC,, < Ee*Y(e)CY + D,

which holds by hypothesis for any € € [0, 1] taken for each n € N. If there is
a subsequence C,, — oo, then the choice ¢,, = min(1, g—D), leads to the following
N

contradiction
1 < E(1+ D)*Y(epn,) — 0 as ng — 0o .

Then the sequence {C,}7; is bounded.

Now, we prove that sequence {x,} is Cauchy sequence:

d(Tnrmi1; Tnt1) < Hy(TTpgm, Trn) < (l_f)d(xn—i-m:xn)+A€a¢(f)[Hxn—i-mH'i‘Han]ﬂ'
For fixed m, set

K = sup A[1 + 2¢,)?, (22)
neN

and e =1 — (;57)* < 755 So

o
(n + 1D)*d(Tntrm+1; Tnt1) < nd(Tngm, Tn) + Ka®h(——).

n—+1
Setting 1y, := n“d(Tp1m, Trn), we have
Tn+1 S Tn + Kaazb(m)
<rp_1+ Ka ¢(g) + Ka w(m)
<...
n+1 a n+1 o
<7+ Ka® Zl/)(%) = Ka® Zlb(g)
k=1 k=1
Therefore
L, o
d(Tntm; Tn) < K(ﬁ) Z¢(E> = Kwy(a). (23)
k=1

Taking limits as n — oo, we get d(Zp4+m,Zn) — 0. This implies that {z,,} is Cauchy
sequence in X. Since X is a complete metric space, there exists xx € M such that
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lim,,— o0 T, = T*.

Using (23) we have

0 <d(x*,Txp_1) <d(zx,z,) = lIim d(Tptm,zn) < Kwp(a).

m—0o0
Again
0 <d(z*,Txx) = lim d(zp_1,Trx) < lim Hy(Tx,, Tr*)

n—oQ n—oo

< (1 = €)d(my, %) + Aeh()[1 + ||| + ||z = ||]°.

Since the contractive condition (1) holds for any real constant € € [0, 1], we can
replace ¢, for each n € N, by a sequence [0,1] 3 €, — 0 as n — co. Then by letting
e =g, — 0 as n — oo, we have

0 < d(xx,Taxx) < (1 — €p)d(xp, x*%) + AeSth(en)[1 + [|zn ]| + || * H]B — 0.

So d(z*,Tz*) =0 and xx € Txx.
Also, the convergence rate estimate stated in (2) is achieved from the following
relations

d(xx,xp) < Hy(Txx, Trp—1) < d(axx,xp—1) < Hy(Txx, Tzp_2)

<
< d(.’E*, xn—Q)

< Hyg(Txx, Txo)
< d(xx,20) = || * |,
which implies that
Crp = d(2n, 20) < d(Tp, 2%) + d(z*,20) < || * || + [l2* || = 2[|2 * .

From the last inequality and (22) we have K < A(1 + 4|z * ||)”. O

3. Applications

In this section, as an application of the result of previous section, is concerned
with the existence of solutions for hyperbolic differential inclusions

0?u(t, r)
— < cF .€. u

pTo € F(t,z,u(t,x)) a.e.(t,x) € J, X Jp, (24)
u(t,0) = &(t), u(0,z) =n(z), te Ju, x € Jp,

where J, = [0,a], J, = [0,b] , F : J, x J, xR — 2® is multivalued mapping satisfying
some hypotheses which will be specified later, £ € C(J,,R) , n € C(Jp,R). In the
present section, we will prove the existence of solutions for problem (24) based on
Theorems 2.1. First of all, we introduce notations which are used throughout this
section. C(J, x Jp,R) is the Banach space consisting of all continuous functions
from J, x Jp into R with the norm

|lul| = sup{|u(t,z)| : (t,z) € Jo X Jp} for u e C(J, X Jp,R).
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For u,v € C(Jy X Jp, R) we define that v < v if and only if u(t,z) < v(t,z) for each
(t,x) € Jo X Jp. Let P ={u:ue C(Jy x Jp,R),u > 0} and

2

H={ueC(J,x J,R): aatg;

LY(J4 x Jy, R) stands for the Banach space consisting of measurable functions
u: Jg X Jp = R which are Lebesgue integrable normed by

exists for each (t,x) € Ju X Jp}.

a b
|, = / / u(t, 2)|dzdt  for u € L (Jy x Jp,R).
0 0

Let M : J, x Jp x R — 2R be a multivalued map with nonempty values. For each
u € C(J, X Jp,R) define the set of selections of M by

Sntw = {v € L*(Ju x Jp, R) : v(t, ) € M(t,z,u(t,z)) a.e. (t,x) € Jo x Jp},

and assign to M the multivalued operator M : C(J, x Jy, R) — 2L (JaxTe.R) by
letting
M(u) = {w € L' (J, x Jp,R) : w(t,z) € M(t,z,u(t,z)), (t,2) € Jo X Jp}.

The operator 91 is called the Niemytsky operator associated with M in the light of
some of the current literature. In order to state and verify our results, we need the
continuous map £ : L'(J, x Jy,R) — C(J, x Jp,R) defined by

u(t, x) // (s,7)dsdr.

As an application of results included in Theorem 2.1, we first unify the follow-
ing
Theorem 3.1. Suppose that the multivalued function F : J, x J, x R — 28 satisfies
the following conditions:
(L1) F(t,z,u) is compact subset for all (t,z,u) € Ju X Jy x C(Jg X Jp,R). Moreover,
S is nonempty for each u € C(Jq % Jp, R).
(L2) For any u,v € C(Jg X Jp,R), if u,v are comparable then

Hy(F(t, 2, ult,2)), F(t, 3, 0(t,2))) < |0(t,2)Plu(t, z) — olt, 2),

for almost each (t,z) € J, X Jy, where £ € L*(J, x Jy, R) with ||¢||L < 1.
(L3) For each uw € C(J, x Jp,R) one has
{u(t,z) = &(t) —n(x) +£0)} < Lo(t,z) for (t,z) € Ju x Jp and v € Sg,,. Then the
problem (24) has at least a solution u* € C(J, x Jp,R).

Proof. Let M C C(J, x Jp,R) be a complete metric space. Then M satisfies the
condition (H1). It is clear that problem (24) is equivalent to the integral inclusion

ult,z) € {h € C(JuxJy,R) : h(t,z) = §(t)—|—77(x)—§(0)+/0 /Oz (s, T)dsdr, v € stu}.

Define the multivalued map A : M — 2M by
(Au)(t,z) ={h € C(Jq X Jp, R) : h(t,x) = £(t) + n(x) — £(0) + Lo(t,z), v € Spy}

Clearly, the multivalued map A is well defined on in view of hypothesis (L1). We
shall show that A satisfy all conditions of Theorem 2.1. We first show that A
has compact values. It then suffices to prove that the composition map LoSp has
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compact values. Let u € C(J, x Jp,R) be arbitrary and let {u,} be a sequence
in Spy. Then by the definition of Spy,un(t,x) € F(t,z,u(t,x)) a.e for all (¢t,x) €
Jo X Jp. Since F(t,z,u(t,z)) is compact, there exists a convergent subsequence
of {un(t,z)} (without loss of generality, we may assume it is {u,(t,x)} itself) that
converges in measure to some v(t, z) € F(t,z,u(t,z)) a.e for (t,x) € JzxJp. Now the
continuity of £ guarantees that Luy,(t,z) — Lv(t, z) pointwise on J, x Jj, provided
n — 0o. We shall prove that the convergence is uniform. To this end, we show that
{£u,} is an equicontinuous sequence. Let t1,to € J, with t; < ty and z1,29 € J,
with z1 < x9, then

to T2 t1 z1
| Lup (to, x2) — Luy(t1, 1) < ‘/ / Un (s, 7)dsdr —/ / Un (s, 7)dsdr
o Jo o Jo

t1 T2 to x2
§/ / |un(8,7')|dsd7'—|—/ / |un (s, 7)|dsdr.
0 x1 t1 JO

Note that u, € L'(J, x Jy,R), we infer that the right-hand side of the above ex-
pression tends to zero as to — t; and x3 — x1. Hence, {£u,} is equicontinuous and
has a uniformly convergent subsequence by virtue of Arzela-Ascoli theorem. Obvi-
ously, this convergence is £v and £v € £0SF,. This shows that £0Sp,, is compact.
Therefore, A has compact values. As a result of this and (L3), we obtain that A has
UCAV. Next we show that A satisfies relation (1) . Let u,v € K are comparable,
say, v < v. Let hy € Au. Then there exists v; € Sg,, such that

hi(t,z) = &(t) + n(z) — £(0) —|—/0 /Oa? vi(s,7)dsdr  for (t,x) € Ju X Jp.

From (L2) there exists w € F(t,z,v(t,z)) such that
01 (8,2) — w] < [0(t, ) (0t ) — u(t, ).
Define the multivalued map U by
Ut,z) ={w € R : vy (t, ) —w| < [£(t, ) (v(t, z) —u(t,z))}.

Then the multivalued map V(t,z) = U(t,z) N Sg, has nonempty values and is
measurable (see [21]). Then there exists a function vy which is a measurable selection
for V. Clearly, va(t,x) € F(t,z,v(t,z)) for each (t,x) € J, X Jp satisfying

’vl(ta 1‘) - Ug(t, [E)‘ < w(ta 1‘)’2(1}(75, .’II) - 'U,(t, .’13))

Let us define for each (¢,z) € J, x Jp,
t T
a(t,) = €0 +n(e) = €0) + [ [ enls s
0o Jo
It follows that hy € Av and

|ha(t,z) — hi(t,z)| < /0 /Ofﬂ lva(s, ) —vi(s, T)|dsdr.
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Thus, we have

lhe = ha || < [1E]1Z]lv — wl
< elZllv — wll + el zllv = wl
= [lellzllv = ull = [1Z v = wll + 2017l — ull
= [lellzllv = ull (1 = [lellz) + 2] eIl o - u]
< (L=l p)llv = wll + 22 [0 + [lul + [loll]

Put ¥(||4||) = ||¢||r, « =1, A =2 and § = 1. Then we have

lhe =l < (1= |[€llz)d(u, v) + Al gD Clel )L + fall + [[o]]7.

By an analogous relation, obtained by interchanging the roles of v and v, it follows
that

Hy(Au, Av) < (1 — (€] g)d(u, v) + A1 Z (121 )L + full + Joll)”.

Therefore, A satisfies Theorem 2.1 with respect to ¥(¢) = €, « = 1, A = 2 and
B = 1. Now Theorem 2.1 guarantees that (24) has a desired solution and this proof

is completed. g
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