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¢—BIFLATNESS AND ¢—BIPROJECTIVITY FOR 6-LAU PRODUCT
WITH APPLICATIONS

Eghbal Ghaderi®, Amir Sahami?

For two Banach algebras A and B and a non-zero multiplicative linear func-
tional 0 on B, Monfared introduced the 6— Lau product structure A Xg B. In this paper,
we investigate and study the notions of ¢p—biprojectivity, ¢—biflatness and ¢p—Johnson
amenability of A Xg B and their relation with A and B. As an application, we char-
acterize ¢-biflatness, ¢-biprojectivity and ¢-Johnson amenability for 6— Lau product of
Banach algebras related to locally compact groups and discrete semigroups.
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1. Introduction and preliminaries

Johnson studied amenable Banach algebras using virtual diagonals [7]. That is an
element M € (A®A)** such that a- M = M - a and 7**(M)a = a for each a € A, where 7
is the product morphism given by 7 (a ® b) = ab for each a,b € A, see [14].

Helemskii studied the structure of Banach algebras through the notions of biflatness
and biprojectivity. In fact a Banach algebra is biflat (biprojective) if there exists a bounded
A-bimodule morphism p : A — (A®A)**(p: A — A®A) such that 7** o p(a) = a(r o p(a) =
a), for all a € A, respectively. It is well-known that a Banach algebra A is amenable if and
only if A is biflat and A has a bounded approximate identity, see [14].

Recently some notions of amenability related to a multiplicative linear functional have
introduced and studied for Banach algebras. The notions like left ¢-amenability, left ¢-
contractibility, ¢-biflatness and ¢-biprojectivity studied for the group algebras, the measure
algebras and the Fourier algebras, for more information about these notions see [1], [8], [12]
and [17].

For an arbitrary Banach algebra A, the character space is denoted by o(A) consists
of all non-zero multiplicative linear functionals on A and any element of o(A) is called a
character. The §—Lau product was first introduced by Lau [9] for F-algebras. Monfared [11]
introduced and investigated #-Lau product space A xy B, for Banach algebras in general.
Indeed for two Banach algebras A and B such that o(B) # () and € be a non-zero character
on B, the Cartesian product A x B by following multiplication and norm

(a,b)(a’,b") = (ad’ + 0(b')a + O(b)a’, bb'),
I, )] = llalla + o] 5,
is a Banach algebra, for all a,a’ € A and b, € B. The Cartesian product A x B with the
above properties called the #—Lau product of A and B which is denoted by A xy B. From
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[11] we identify A x {0} with A, and {0} x B with B. Thus, it is clear that A is a closed
two-sided ideal while B is a closed subalgebra of A xg B, and (A xg B)/A is isometrically
isomorphic to B. If 8 = 0, then we obtain the usual direct product of A and B. Since direct
products often exhibit different properties, we have excluded the possibility that § = 0.
Moreover, if B = C, the complex numbers, and 6 is the identity map on C, then A Xy B is
the unitization A* of A. Note that, by [11, Proposition 2.4], the character space (A x4 B)
of A xg B is equal to

{(6,0): ¢ € (DY J(0,0): vea(B)}

Also, the dual space (A xg B)* of A x¢ B is identified with A* x B* such that for each
(a,b) € A xg B, ¢ € 0(A) and ¢ € o(B) we have

(¢, 4), (a,b)) = ¢(a) + (b).
Now, suppose that A**, B** and (A xy B)** are equipped with their first Arens products.
Then (A x¢ B)** is isometrically isomorphic with A** xy B**. Also, for all (m,n), (p,q) €
(A xg B)** the first Arens product is defined by

(m,n)d(p, q) = (mOp + n(0)p + q(0)m, nOq);

see [11, Proposition 2.12]. Note that every ¢ € o(A) has a unique extension to a character
on A** is given by ¢ where g?)(m) =m(¢), for all m € A**.

Note that A and B are closed two-sided ideal and closed subalgebra of L := A xy B,
respectively. So, we can write a = (a,0) and b = (0,b) for all a« € A and b € B. Therefore,
L = A x4y B is a Banach A—bimodule and also is a Banach B—bimodule. It has worth to
mention that some generalizations of twisted product related to a homomorphism are given
recently but by [3] it seems those products are trivial.

The contents of the paper is as follows, in section 2 we study ¢—Dbiflatness and
¢—biprojectivity of #-Lau product of Banach algebras. Then we turn our attention to the
¢-Johnson amenability of 6-Lau product of Banach algebras in section 3. As a conclusion,
we characterize ¢p—biflatness, ¢—biprojectivity and ¢-Johnson amenability of #-Lau product
of Banach algebras related to discrete semigroups or locally compact groups.

2. ¢p—biflatness and ¢—biprojectivity

The usual projections p, : L — A and p, : L — B defined by p,(a,b) = a
and p,(a,b) = b. Also, let ¢, : A — L and ¢, : B — L be the usual injections via
q,(a) = (a,0) and g, (b) = (0,b). Hence, the mappings ¢, and p, induce the mappings

q,9q, : ARA — LYL

and
py®p, : LAL — BRB
with
(QA ®QA)(G' ® C) = (av O) ® (07 0)
and

(Ps®p5)((a,0) ® (¢, d)) =b@ d,
respectively. Clearly, ¢, and ¢, ®q, are A-bimodule maps and p,, ¢, and p, ® p, are
B-bimodule maps.
Now, suppose that A is unital with unit e. Then define mappings r, : L — A and
S, : B— L viar,(a,b) = a+ 6(b)e and S,(b) = (—60(b)e,b), respectively. Also, these
maps induce the unique mappings

r,@r, : LRL — ARA
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and
S.®S, : BB — LOL
satisfying
(r,or,)((a,b) @ (c,d)) = (a+ 0(b)e) ® (¢ + 0(d)e)
and

(S5@5;,)(b @ d) = (=0(b)e,b) ® (=0(d)e, d),

respectively. It is clear that r, and r, ®r, are A—bimodule maps and S, is a B—bimodule
map. (For more details on the above mappings refer to [4]).

The notion of ¢—biprojectivity for Banach algebras first introduced by Sahami and
Pourabbas [17]. For a nonzero multiplicative linear functional ¢ on A, the Banach algebras
A is called ¢p—biprojective if there exists a bounded A—bimodule morphism A4 : A — ARA
such that pomy oAy = ¢.

Proposition 2.1. Suppose that A and B are two Banach algebras which A has unit e,
¢ €o(A) and 6 € o(B). If L is (¢, 0)—biprojective. Then A is ¢p—biprojective.

Proof. Let L be (¢,0)—biprojective. Then there exists the L—bimodule morphism A, :
L — L®L such that (¢,6) o 7wy o A = (¢, ). It is clear that

TpOT, =TAO© (TA®TA)7 ¢OTA = (d);e)

Define Ay : A — A®A by Aa = (r,®r,) 0 Mg oq,. Clearly, A4 is a bounded A—bimodule
morphism. Also, we have

(pomaora)(a) = (pomao(r,®r,)orLoq,)(a)
(por, omp oAr)(a,0)

((¢,0) omp 0 AL)(a,0)
(¢,0)(a,0)

= ¢(a),
for alla € A. So pomgoArs = ¢. Thus A is ¢-biprojective. |

Proposition 2.2. Suppose that A and B are two Banach algebras which A has unit e and
Y € o(B). Then L is (0,4)—biprojective if and only if B is 1¥—biprojective.

Proof. Suppose that there exists the L—bimodule morphism Ay : I — L®L such that

(0,9)omp oA, = (0,%). Now define the map Ap : B — B&B by Ag = (p, @p,) oA 0q,.
It is easy to see that

TE o (py ®Py) =Py oL, Yop, = (0,9).
Thus we have Ap is B—bimodule map and ¢ o g o Ap = . To see this consider
(versors)®) = (vomso(y @pu)iroay)®)
= (¢OPB OWLO/\L)(O,b)

_ ((0, ¥) om0 )\L) (0,b)
Y(b),
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for all b € B. Moreover,

/\B(by) Pp ®p3)o)‘L OQB(by)
Ps ®Ps) 0 AL 0 (q,(0) - y)
Ps ®@Ps)(AL 0 qy(b) - y)

(
(
(
(ps ®Pg)oALogy(d) -y

for all b,y € B. Similarly, Ag(yb) =y - Ap(b) for all b,y € B.

For converse, suppose that B is 1)—biprojective. Then there exists a bounded B-
bimodule morphism Ap : B — B®&B such that ¢y omgoAp = 9. Define the map Ay : L —
L&L by

)‘L(avb) = (SB ® SB) o /\B(b)7
for all a € A and b € B. It is easy to see that
Lo (SB ® SB) = SB OTB, (Oa'l/J) OSB =1, ((SB ® SB) o AB(b)) -z =0,

for all b € B and x € A. So, these relations conclude that Ay, is a L—bimodule morphism
and L is (0,v)—biprojective. Therefore,

(071/)) o7y © >\L = (0711[})
O

Remark 2.1. Note that (¢, 0)—biprojectivity of L implies that B is 0—biprojective. To see
this, we know that there exists a L—bimodule map Aj, : L — LRL such that

(¢7 9) oTmr © AL = (¢7 9)
Hence, it is clear that
bpoTmL =TpBO (p3®p3)’ TAOTL =TA© (TA@TA)’ ¢ °Pp = (0,0)

Define \p : B — B&B by \p := (p,®p,) oA 0q,. Since ((d),O) omy o)\L> (0,b) =0, we
have that
(9oms0x8) ) = ((6:6),(0,6)) = ((6,0) om0 XL)(0,0)
= 0(b),
for allb € B. Thus, B is 0—biprojective. Moreover, if e is unit for A, then
(90pB omp, o/\L>(e,0) =1
So, we can define A\ as following
A(b) == b ((p;@p5) © AL(e, 0)),
for all b € B. It implies that B is 0—biprojective.

Recently, in [17], Sahami and Pourabbas introduced and studied the new concept of
¢—Dbiflatness for Banach algebras. In fact a Banach algebra A is called ¢—biflat if there
exists a bounded A—bimodule morphism A4 : A — (A®A)** such that ¢ o 7% o Ay = ¢,
where ¢(F) = F(¢) for all F € A**,

Proposition 2.3. Suppose that A and B are two Banach algebras. Let 8 € o(B) and
¢ €o(A). If L is (¢, 0)—biflat, then A is ¢—Dbiflat.
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Proof. By hypothesis there exists the bounded L—bimodule morphism Ay : L — (L@L)**

such that (¢,6) o m3* o A, = (¢,6). Define a bounded A—bimodule morphism Aq : A —
(ARA)** by Mg = (r, ®7,)* oA\ oq,. It is clear that

(ra®@ra)(¢poma) = (4,0)omr.

Therefore it concludes that

(poma™ ora,a) = (Aala),ma"(9))

a
= <)‘L(a70)7(TA®TA)*(¢O7TA)>
= ¢(a),

for all @ € A. Thus, A is ¢p—Dbiflat. O

Proposition 2.4. Suppose that A and B are two Banach algebras which A is unital and
1,0 € o(B). Then L is (0,4)—biflat if and only if B is 1—biflat.

Proof. First suppose that L is (0,¢)—biflat. Then there exists a bounded L—bimodule

—_~—

morphism Ay, : L — (L®L)** such that (0,%) o 75" o A, = (0,%). But, we know that
75 (1) = 1 o mp. Now, define A\p : B — (B&B)** by

Ap = (pp @py)" 0 AL Oy
It is easy to see that 7,*((0,%)) = (pp @ p)* (¥ o Tg). So, we obtain

(Pomp™op,b) = (m5™ o Ap(b),¢)
= (Ap(b),vomp)
= (AL((0,0)),(ps ®py)" (¥ o 7B))
¥(b),
for all b € B. To prove the only if part, suppose that B is ¥»—biflat. Then there exists the

bounded B—bimodule morphism A : B — (B®B)** such that Yo w5 oA = ¢. By an
easy calculation, we have

(S ® SB)"((0,9) o) = mp™ ().
Define the map Ay, : L — (L&L)** via
AL:i=(S,®S5,) oApop,.

—_~—

Hence, it is easy to see that Az, is a bounded L—bimodule morphism and (0, 1)omy,* oA, = 1.
It follows that L is (0, ¢)—biflat. O

Note that in the proof of Proposition 2.4 (if part), if we define Ag as Ap = (p; ®
pp) oA oS, then we can see that B is 1p—biflat.

3. ¢—Johnson amenability

The notion of ¢—Johnson amenability for Banach algebras is defined by Sahami and
Pourabbas, see [17]. A Banach algebra A is called ¢-Johnson amenable (¢-Johnson con-
tractible), if there exists an element m € (ARA)** (m € A®A) such that a - m = m - a and
dom**(m) =1(¢om(m) = 1) for all a € A, respectively. By [17, Lemma 2.1, the Banach
algebra A is ¢—Johnson amenable if and only if there exists a bounded net (m,) € ARDA
such that a-mgq — mgy -a — 0 and ¢ o w(my) — 1, for all a € A. In this section, we
consider hereditary properties of ¢—Johnson amenability for Banach algebras. Next, we
turn our attention to the structure of o(A xy B). We study ¢—Johnson amenability for
A xg¢ B and obtain it’s relationship with ¢p—Johnson amenability of A and B.
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Proposition 3.1. Let A and B be two Banach algebras, ¥ € o(B) and T : A — B be a
continuous homomorphism. Then we have the following statements.

a) If T has dense range, 0 € Im(T) and A is (¢p o T)—Johnson amenable, then B is
—Johnson amenable.

b) If T is a bijective mapping and B is 1p—Johnson amenable, then A is (1 o T')—Johnson
amenable.

Proof. The proof is clear by [17, Lemma 2.1] and [8, Proposition 3.5]. |

Recall that if I is a closed two-sided ideal of Banach algebra A and ¢ € o(A), then
¢, € o(I). Also, if ¢ € o(I), then it has an extension ¥ € o(A). Moreover, if ¢ € o(A),
then/\a: ? — C defined by $(a+1) = ¢(a) is a character on ?. Hence, by the Proposition
3.1, p—Johnson amenability of A/I implies the ¢—Johnson amenability of A.

Corollary 3.1. Suppose that I is a closed two-sided ideal in Banach algebra A and ¢ € o(A).
Then ¢—Johnson amenability of A implies the ¢—Johnson amenability of A/I.

We know that the quotient map ¢ : AxygB — (A Xy B)/A is continuous epimorphism
and (A xg B)/A is isometrically isomorphic to B. So, similar to Proposition 3.1 we have
the following result.

Proposition 3.2. Suppose that A and B are two Banach algebras, ¢ € o(A) and 0 € o(B).
If A x¢ B is (¢,0)—Johnson amenable, then

(a) A is ¢—Johnson amenable, provided that A is unital.

(b) B is 0—Johnson amenable.

Proof. (a) Let A xy B be (¢,0)—Johnson amenable. Then there exists a net (U,) in (A Xy
B)®(A x4 B) such that (a,b) - Uy — U, - (a,b) — 0 and ((¢,6) o 7)(U,) — 1. Moreover,
we can write Uy = Uq + Ma + Na + Vo such that u, € ARA, my € ARB, n, € BRA and
Ve € BRB for all a. Now, if b= 0, then
a Uy +a - Ng — Uy -G — Mg -a — 0,
a-Mmegta-ve—0 ng-at+vs-a—0, (1)
(¢om)(ua) + (¢ om)(ma) + (¢ 0 7)(na) + (0 0 7)(va) — 1
for all @ € A. Suppose that A has the unit e. From (1) we conclude that
Mo+ € Vo —0, ng +1v4-¢6—0
and
(¢om)(ma) +(¢om)(e-va) — 0, (¢om)(na) + (¢ o) (Ve -€) — 0.
Hence, the above facts give that
a-(ua = [0(m(va))e ®e]) = (ua — [0(m(va))e @ e]) - a
=a-uy— [0(m(ve))a®e] —uq - a+ [0(m(vy))e ® al
=AUy + A Ng — Uy "A— Mgy * A
— 0.

Also, we have

(¢om)(ua —0((va))e @ e) = (¢ om)(ua) — (6 0m)(va) + (¢ 0 7)(ma)
+(@om)(e va) + (pom)(na) + (¢om)(va-e)
= (¢ om)(ua) + (¢ 0 m)(ma)
+(¢om)(na) + (0 o) (va)
—1.
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So, A is ¢—Johnson amenable.
(b) From these facts that A xg B is (¢,0)—Johnson amenable and (A xy B)/A is
isometrically isomorphic to B, we have B is §#—Johnson amenable. O

Proposition 3.2 concludes that if A xy B be (0,1)—Johnson amenable, then B is
1)—Johnson amenable. In general, we do not know whether the reverse of Proposition 3.2
in the certain case is correct or not. So, we formulate it as a question.

Question. If B is ©)—Johnson amenable, then is A xy B, (0,)—Johnson amenable?

Proposition 3.3. Suppose that A and B are two Banach algebras, ¢ € o(A) and 6 € o(B).
If A is ¢—Johnson amenable, then A xg B is (¢, 0)—Johnson amenable.

Proof. There exists a net (u,) in AR A such that a-ug — e -a — 0 and (poma)(ug) — 1
for all a € A. Also, uy = > o) af ® al® for some af,a* € A. By definition the net as

Uy =302 (a2,0)® (a)*,0) C (A xg B)&(A x4 B). Therefore, by using this net the Banach
algebra A Xy B is (¢, )—Johnson amenable. O

4. Some Applications

Suppose that A is a Banach algebra and ¢ € o(A). Then the Banach algebra A is
called left ¢-amenable (left ¢-contractible) if there exists a bounded net (my) in A (an
element m in A) such that am, — ¢(a)mq — 0 (am = ¢(a)m) and ¢(my) — 1 (p(m) = 1)
for all a € A, respectively, see [8] and [12].

Example 4.1. The set C1[0,1] consists of all differentiable functions which its first deriva-
tion is continuous. With the point-wise product C1[0,1] becomes a Banach algebra. Also,
a(CH0,1]) = {¢ : t € [0,1]}, where ¢4(f) = f(t) for allt € [0,1]. In this ezample, we claim
that C*[0,1] x¢ C1[0, 1] is neither (¢, 0)—biflat nor (0, ¢;)—biflat. We assume in contradic-
tion that C1[0,1] x¢ C0,1] is (¢¢, 0)—biflat or (0, ¢;)—biflat, where ¢i(f) = f(t) for each
t €[0,1]). It is clear that 1 is an identity for C1[0,1]. So, C'[0,1] is ¢;—biflat. Therefore,
there ezists a C1[0, 1]—bimodule morphism p : C*[0,1] — (C[0,1]@C[0,1])** such that

$rom™ o p(f) = du(f)
for all f € C'0,1]. Put m = p(1), we have

frm=Ffp(1) =p(f1) = p(1f) = p(1)f =m - f,
and R R
prom™(m) =g om0 p(l) = ¢¢(1) = 1,
for all f € C*0,1]. It follows that C*[0,1] is ¢;—Johnson amenable. Thus, [17, Proposition
2.2], implies that C1[0,1] is left ¢—amenable which is impossible by [8, Example 2.5].

Recall that the Banach algebra A is called character biflat (character biprojective) if
A is ¢-biflat (¢-biprojective) for each ¢ € o(A), respectively, see [15].

Proposition 4.1. Suppose that G is a locally compact group and M(G) is the measure
algebra over G. Let § € A(M(QG)). Then M(G) x9 M(G) is character biflat if and only if
G is a discrete amenable group.

Proof. Let M(G) x¢g M(G) be character biflat. Since M(G) is unital. As in the previous
example, M(G) is left and right ¢;—amenable for all ¢ € o(M(G)) (By placing m = p(e)
where e is the unit of M (G)). We know that M (G) has a bounded approximate identity, thus
M (G) is character amenable. So, [10, Corollary 2.5] implies that G is a discrete amenable
group.

For converse, let G be a discrete amenable group. Then M(G) = ¢*(G). Hence by using
Johnson Theorem ¢! (@) is amenable. Therefore, |2, Corollary 2.1] finishes the proof. O
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Proposition 4.2. Let G be a locally compact group. Then M(G) xg M(G) is character
biprojective if and only if G is finite.

Proof. Let M(G) x9 M(G) be character biprojective. Then by Proposition 2.1, M(G) is
character biprojective (M(G) is unital). So, by [17, Lemma 3.2], M(G) is ¢—Johnson
contractible for all ¢ € o(M(G)). Also, using the same arguments as in [17, Proposition
2.2] implies that M(G) is left ¢p—contractible for all ¢ € o(M(G)). We know that M(G) is
unital, therefore M (G) is character contractible. From [12, Corollary 6.2], we have G is a
finite group. Converse is clear. O

It is well-known that the Fourier algebra A(G) over a locally compact group G is a
commutative Banach algebra. Also, 0(A(G)) = {¢4 : g € G}, where ¢4(f) = f(g).

Theorem 4.1. Let G be a locally compact group. Then M(G) x¢ A(G) is character bipro-
jective if and only if G is a finite group.

Proof. Let M(G) x9 A(G) be character biprojective. Since M (G) has an identity and A(G)
is commutative, for each v € o(M(G) xg A(G)) there exists an element a, € M(G) x9 A(G)
such that aay = aya and y(ay)=1, for all a € M(G) x9 A(G). Similar to the proof of
[16, Theorem 3.2], we can see that M(G) x¢g A(G) is y-Johnson contractible, for all v €
o(M(G) xg A(G)). Following the arguments in [17, Proposition 2.2], one can see that
M(G) x9 A(G) is left y-contractible, for all v € o(M(G) x9 A(G)). Applying Proposition 2.1,
leads to that M (G) is character biprojective. Since M (G) is unital, character biprojectivity
of M(G) implies the character contractibility of M (G). Using [12, Corollary 6.2] gives that
G is a finite group. |

Remark 4.1. In the sequel, suppose that G is a locally compact group. A linear subspace
SHQ) of LY(G) is said to be a Segal algebra on G if it satisfies the following conditions
(i) SYG) is dense in L'(G),
(ii) S*(G) with a norm || - ||s1(c) is a Banach space and ||f||11 ) < ||flls1(q) for every
fes@),
(iii) for f € SYG) and y € G, we have L,(f) € S(G) the map y — Ly(f) from G into
SYG) is continuous, where L, (f)(z) = f(y 'x),
(i) ILy(Dllsra) = [Ifllsr(q) for every f € SY(G) and y € G.
It is well-known that S*(G) always has a left approximate identity. We remind that a Segal
algebra is a left ideal of L*(G) and for a Segal algebra S*(G) it has been shown that

A(SM(G)) = (1., |6 € AL G},
for more information see [13] and [1, Lemma 2.2].

Proposition 4.3. Suppose that G is a locally compact group and ¢,0,v¢ € o(SHQ)). If
SHQ) x¢ SH(Q) is either (p,0)—biflat or (0,1)—biflat, then G is amenable.

Proof. Tt is well-known that S'(G) has a left approximate identity. Therefore, S*(G) x4
S1(G@) has a left approximate identity. Hence, [5, Theorem 3.1] follows that S'(G) x4
S1(@) is either left (o, 0) or (0,1)—amenable. Therefore, S*(G) is left p—amenable (or left
1—amenable). Thus [1, Corollary 3.4] follows that G is an amenable group. |

Example 4.2. Let S be the left zero semigroup. That is a semigroup S such that st =t
for all s,t € S. It is easy to see that for the semigroup algebra (*(S), fg = ¢s(g)f for all
f,g € £X(S), where ¢s is the augmentation character on (*(S). Note that (*(S) only has a
right unit and o(€*(S)) = {¢s}. Suppose that |S| > 2. Then we claim that £*(S) X 4q £1(5)
is not (¢s, ps)—Johnson amenable. We assume in a contradiction that £'(S) x4 0*(S) is
(¢s,ds)—Johnson amenable, then £*(S) is ¢s—Johnson amenable. So, [17, Proposition 2.2]
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implies that (1(S) is left ¢s—amenable. Applying [8, Theorem 1.4], follows that there exists
a bounded net (my,) in 1(S) such that
aMea — ¢S(a)ma — 07 ¢S(ma) = 15
for all a € (1(S). It implies that
ame — ¢S(a)ma =a-— ¢S(a)moz — 0.
Suppose that s1 # so € S and &5, # 05, € £X(S). So, replace a with s, and J,. It follows
that
Js; — Gsg (0, )M = 05, — My — 0, 05y — Gsg (0s5) M = d5, — Mg — 0.
Therefore, mqo —> 05, and mqy — s, which is a impossible.
Theorem 4.2. Suppose that the semigroup S has a unit. Then (*(S) xg €1(S) is either
(¢s,0)- biprojective or (0, ps)—biprojective if and only if S is finite, where ¢g is the aug-
mentation character.
Proof. We know that ¢1(S) x4 £1(S) has the unit. Thus, by [17, Lemma 3.2], £*(S) x4 £1(95)
is (¢s,0), (0, s)—Johnson contractible. Similar to Proposition 3.2, we can see that ¢1(S) is
¢s—Johnson contractible. So, there exists m’ € £(S)@¢1(S) such that a-m’ = m’ - a and
ds(m(m’)) =1, for all a € £1(S). Define T : £1(S)@¢*(S) — £*(S) by T(a ® b) := ¢s(b)a,
for all a,b € £*(S). It is easy to see that T is linear and continuous which satisfies
al'(m")y=T(a-m')=T(m'-a) = ¢pg(a)m’, psoT(m')=g¢ggom(m') =1,
for all a € ¢1(S). Similarly, if we define T'(a ® b) := ¢g(a)b, then we can find an element
m' € (*(S)&e(S) such that
m”a:qf)s(a)m”, ¢S(m//) — 17
for all a € £*(S). Put m = m’ ® m”. Thus,

a-m=am @m" =g¢s(a)m' @m”" =m' @m"¢s(a) =m'@m"a=m-aq,

¢s(m(m)) = ps(m'm”) = ¢s(m )gs(m’) =1,
for all a € ¢*(S). Putting a = &5, we have that 6;m = ¢g(6s)m’ @ m” = m, mds = m.
Therefore,

dsT m)=m dsm) = m)=m, , (més) =m m)ds.

Thus, we find an element f =7, (m) € £*(S) such that §, f(z) = f(xs) = f(x) = f(sx) =
fos(x), for all s,z € S. If z = e is a unit for S, then we have that f(s) = f(e). It gives
that f is a constant function in £'(S). Using ¢s(m,, , (m)) = ¢s(f) = 1 implies that f # 0.
Therefore, S must be a finite semigroup. O

1%1(5)( £1<S>( £1<S>( z1<5>(

Equip N with the multiplication m Vn = max{m,n} for all m,n € N. So, N with this
multiplication denoted by Ny becomes a semigroup. It is clear that £*(N,) is a commutative
Banach algebra and &; x §,, = &, = &, * 81 for all n € N. Thus, £*(Ny) is unital.

Corollary 4.1. The Banach algebra (*(Ny) x¢ (1(Ny) is neither (én.,, ,0)-biprojective nor
(0, ¢, )-biprojective, where ¢y, is the augmentation character on £*(Ny)).

Proof. We assume conversely that ¢! (Ny ) xaf*(Ny) is either (dy,,, #)-biprojective or (0, ¢, )-
biprojective. Since Ny has unit, the previous Theorem gives us that Ny, must be finite which
is impossible. O

Let A be a Banach algebra and ¢ € o(A). A Banach algebra A is called ¢—inner
amenable if there exists a bounded net (e,) in A such that ae, — eqa — 0 and ¢(e,) — 1
for all a € A, see [6].
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Example 4.3. Let A = {( 0 d

): a,b,d € C} be a matriz algebra. Then ¢ : A — C

defined by d)(( g Z ) = d is a character on A. We claim that A xg A is neither (¢,0)-
biflat nor (0, ¢)—biflat, where § € o(A). Suppose in contradiction that AxgA is either (¢, 0)-
biflat or (0, ¢)-biflat. Since A xg A is unital, therefore Axg A is either (¢, 0)-inner amenable
or (0, ¢)—inner amenable. So, by [17, Proposition 3.3 ], A xg A is (¢,0), (0, ¢)—Johnson
amenable. Applying Proposition 3.2, we have A is ¢—Johnson amenable. Using [17, Propo-

0 b
0 d b,d € C}
and ¢|, # 0. It is easy to see that J is a closed ideal of A. Since A is left ¢-amenable, from
[8, Lemma 3.1] we have that J is ¢|,—amenable. Applying [8, Theorem 1.4], there exists a
bounded net (uq) in J such that ju, — ¢(j)ua — 0 and ¢p(uy) =1 for all j € J. Assume

that j = ( 8 ;,1 > and uy, = ( 8 :f“ ), for some j1, jo, Wa,vo € C. Thus,
2 [}

. _ . _ 0 jlwa _ 0 j2wa
Jua = (j)ua = ( 0 ave ) (0 U >—>0-

It gives that j1v, — jow, — 0. If we put j1 =1 and jo = 0, then the contradiction reveals.

sition 2.2 implies that A is left and right ¢-amenable. Define J := {(
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